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The smallest group with unknown genus is Z~. It is shown that it is embeddable into an 
orientable surface of genus 7 and into a nonorientable surface with the same Euler 
characteristic. 
It has been known for quite a long time that the group Z~=~'ax3'3xT/3 can be 
embedded into an orientable surface of genus 10. It is also known that 3'(7/3) >/5, 
see for instance [4, 2, 1]. Recall that 3' denotes the genus and ~/ denotes the 
nonorientable genus of a graph. Recently, White [6] announced that 3'(Z 3) <~9. In 
this note we first exhibit an embedding of Z 3 into a nonorientable surface of Euler 
characteristic -12  and then an orientable mbedding into a surface with the same 
Euler characteristic, thereby we obtain new upper bounds: 3"(7/3) ~< 7 and ~)(Z 3) 
14. 
Consider the graph G -- (?3 × (?3 × C3, the Cartesian product of three triangles. It 
is clearly a Cayley graph for the group 7/3. An embedding of G is constructed as 
follows. Let H denote the product C3 × C3. First take three copies, Ho, H~ and H2, 
of the graph H, each embedded into torus as shown by Fig. 1 (except that the 
embedding of H1 is the mirror-image of the other two). To form G we have to 
add the remaining 27 edges, 9 between each pair of copies of H. 
(a) Between H0 and H1 we add 6 edges passing from the vertices on the 
boundary of the hexagon Ao (i.e., the copy of the hexagon A in H0) to the 
vertices on the boundary of A1. By removing the two hexagons and adding a tube 
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Fig. 1. A toroidal embedding of C3 x C~. 
on which the 6 added edges form lateral sides of 6 quadrilaterals we conn, 
two tori and form a double torus (see [3] for a similar construction). 
(b) In a similar way we add six more edges and a tube between H1 and 
using the hexagons B this time. This yields an orientable surface of gentt: 
(c) When the same construction is used between H a and Ho with hexag, 
nonirientable surface of Euler characteristic -6  is obtained, leaving 9 edg,: 
to be added in the last phase of the construction. 
(d) Let F be the graph that we have constructed so far. Notice th::~ 
embedded into the surface of nonorientable genus 8 with 18 triangl 
quadrilaterals (6 on each tube) and the 3 hexagons Bo, C1, A2 that were n~:l 
for tubes. If we add the 9 edges of G which do not lie in F to the boundari, 
of the hexagons Bo, C1 and Az, we obtain a cubic graph on 18 vertices whi, 
girth 6. We denote this graph by M. Figure 2 represents its genus embeddi ~t 
torus. Since hexagons Bo, C~ and A 2 on  Fig. 2 simultaneously form 2-cell,:;, 
embedding of F, we may remove them and glue the two surfaces approl:t 
along the boundaries of these hexagons thereby obtaining a nonorientable e ~r 
ding of G with 18 triangles, 18 quadrilaterals and 6 hexagons. Since G ha,; I 
vertices, q = 81 edges and r = 42 2-cells, it is routine to verify by Euler's :fo~ 
/ ,2 
Fig. 2. A toroklal embedding of a cubic graph M with 18 vertices. 
The Cartesian product of three triangles 
Table 1. Encoding of a rotation system of G 
(+A, +B, +C) 000, 111,222 
(-A, -B,  -(7) 012, 120, 201 
(+A, -C ,+B)  010, 122 
(-A,+C,+B) 020, 112 
(+A,+C, -B)  022, 110 
(-A, +C, -B) 001,002,021,220,221 
(+A, -C,  -B)  011,100, 200, 210, 211 
( -A,  -C,  +B) 101,102, 121,202, 212 
8~ 
that the nonorientable genus of the surface, into which G is embedded, is indeed 
14. 
Table 1 represents an encoding of the rotation system for an ad hoc orientable 
embedding of G. For a discussion of rotation systems ee, for instance, Ringel [5]. 
The vertices of the graph G are denoted by triples 000, 001 . . . . .  222, which 
are in turn regarded as vectors over Z3. Let A = 100, B = 010, and C = 001 be 
generators of Z]. 
The vertices in the same line of Table 1 have the same type of rotation. Let X 
be an arbitrary vertex and let E by any of A, B, or C. If E appears with the plus 
sign in the encoding of the rotation of X it should be substituted by the ordered 
pair X-E,  X+E, whereas if it appears with the minus sign it should be 
substituted by the sequence X + E, X -  E. The rotation of any vertex X which has 
the encoding, say (+A,-C,+B), should be read as: (X -A ,X+A,X+C,X-  
C,X-B,X+B); in particular the cyclic permutation of the neighbours of the 
vertex 010 is (210, 110, 011,012, 000, 020). 
It is possible to verify that the embedding has 27 triangles, 9 quadrilaterals, 5 
hexagons and a face of length 15. This means that the Cartesian product of three 
triangles can be embedded into an orientable surface of genus 7. 
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